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Abstract 

In this paper we present an explicit construction for the fundamental 
solution to the Dirac and Laplace operator on some non-orientable con- 
formally flat manifolds. We first treat a class of projective cylinders and 
tori where we can study monogenic sections with values in different pin 
bundles. Then we discuss the Mobius strip, the Klein bottle and higher 
dimensional generalizations of them. We present integral representation 
formulas together with some elementary tools of harmonic analysis on 
these manifolds. 

Keywords: Clifford and harmonic analysis, Dirac and Laplace operators, 
conformally flat manifolds, spin and pin structures, Mobius strip, Klein bottle, 
non-orientable manifolds. 

MSC 2010: 30G35, 53C21, 53C27. 

PACS numbers: 02.40.Vh, 02.30.Jr, 04.20.Jb. 



1 Introduction 

The study of Dirac and Laplace operators on Riemannian manifolds has lead to 
a profound understanding of many geometric aspects related to these manifolds. 
In turn, Riemannian manifolds play a central role in several branches of modern 
physics. They appear in important cosmological models, in general relativity 
theory, in the standard model of particle physics, in string theory and in general 
quantum field theory. The Dirac operator D is a first order differential operator 
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that acts on a vector bundle over such a Riemannian manifold. It linearizes the 
second order Laplacian, viz D 2 = — A. 

Associated to the Dirac operator there is a rich function theory which al- 
lows us to tackle many boundary value problems of harmonic analysis on many 
subclasses of Riemannian manifolds. Consequently, it permits us to study the 
action of the Laplacian on these manifolds, too. One important tool in the 
analysis of the Dirac operator is the Cauchy integral formula. This formula 
allows us to calculate the values of functions in terms of given boundary data 
arising from practical measurements. Based on these representations important 
existence and uniqueness theorems for the solutions of boundary value problems 
on manifolds could be established, see for instance [SI [7]. 

For a quantitative analysis one is particularly interested in explicit represen- 
tation formulas for the appearing Cauchy kernels or harmonic Green's kernels. 
However, this is a rather difficult task in general. In the recent years much 
success has been provided in the particular context of conformally flat spin 
manifolds. Conformally flat manifolds are Riemannian manifolds with a van- 
ishing Weyl tensor. In turn, these are characterized by those manifolds which 
possess an atlas whose transition functions are conformal maps. Following the 
classical paper [T7] , some concrete examples can be constructed by factoring out 
a simply connected domain G from M. n by a torsion free Kleinian group T that 
acts totally discontinuously on G. The kernel then can be expressed in terms of 
automorphic forms on T that are in the kernel of the Dirac or Laplace operator, 
cf . [321 [13l [HI [5] . In the case of an oriented conformally flat manifold one can 
consider one or several spinor bundles; we are dealing with a conformally flat 
spin manifold. Typical examples with these features are cylinders and tori, the 
Hopf manifold S 1 x S 71 ^ 1 and fc-handled tori. Formulas for Cauchy and Green's 
kernels are given in [15, 5 . A few years earlier, formulas for these kernels have 
been developed for spheres and hyperbolae as well, cf . [HI [29] . In these works 
it has also been shown how many classical harmonic analysis techniques, such 
as for instance Calderon-Zygmund type operators (cf. [T51[2~T]) can be carried 
over from the classical Euclidean setting to these examples of spin manifolds. 
Actually, in the context of Riemannian spin manifolds, the Dirac operator arises 
as a special case of the Atiyah-Singer operator acting on sections of a spinor 
bundle, see also [8] for more details. 

In [15j J. Ryan and the author also treated one particular example of a 
conformally flat manifold that is not orientable which hence is not spin, namely 
the real projective space RP™. The real projective arises by factoring out the 
unit sphere S n by the group Z 2 . 

The aim of this paper is to carry over the previously developed techniques for 
a larger class of non-orientable conformally flat manifolds. Cylinders and tori, 
which arise by factoring out R™ by a discrete translation group, have natural 
non-orientable counterparts. First we look at a class of projective cylinders and 
tori, where we identify for example "upper" and "lower" parts with each other. 
This is translated into an additional symmetry structure on the manifold. 



2 



We explain how we can construct from the kernels for the cylinders and 
tori explicit kernels for this class of non-orientable manifolds. Similarly to the 
oriented case, we can consider distinct pin bundles in the non-oriented case. We 
show how arbitrary pin sections can be represented by these kernels. We also 
set up integral representation formulas for the sections in the kernel of the Dirac 
resp. Laplace operator on these manifolds. After that we discuss Hardy space 
decompositions in this context and shed some light on essential differences to the 
classical context. Then we set up integral formulas that permit us to compute 
the order of zeroes of sections on these manifolds. 

Finally, we look at the Mobius strip, the Klein bottle and some natural higher 
dimensional generalizations. These manifolds are also constructed by the same 
Kleinian group that generated the cylinders and tori, but with a different action 
that induces a switch of minus sign after one or several periods. This class of 
manifolds also play a crucial role in string and M-theory, for details see [3J. 
In turn the classical Mobius strip in R 3 finds its applications in mechanical 
engineering as well as in superconduction. 

In contrast to the class of non-orientable projective manifolds discussed pre- 
viously, it is neither possible to construct monogenic sections on the Mobius 
strip nor on its higher dimensional generalizations that we discuss. This is an 
essential difference to the class of non-orientable manifolds discussed before. 
However, we are able to construct a harmonic Green's kernel that allows us to 
express harmonic sections on these manifolds in terms of boundary integrals 
over that kernel so that parts of the previously established machinery can be 
carried over to this context, too. 

Acknowledgement. The author is very thankful to Professor Dr. Karl 
Hofmann from the Technical University of Darmstadt (Arbeitsgruppe Algebra, 
Geometrie und Funktionalanalysis) for the fruitful discussions on the group 
theoretical construction methods of the Klein bottle. 

2 Preliminaries 

For particular details about Clifford algebras see for instance [25] . For basic Clif- 
ford analysis we refer the reader for example to [H [TU1 [TT]. Let {ei, e 2 , . . . , e n } 
be the standard basis of E™. Cl n denotes the associated real Clifford algebra in 
which e^ej + e,-e< = — 25y holds, where 8u is the Kronecker symbol. 

Under this rule of multiplication each non-zero vector x 6 M™ has a mul- 
tiplicative inverse x^ 1 = i^p. We also need the reversion anti-automorphism 

Cln ^ Cln • • - Gj r — Gj r . . . Cj 1 . 

n 

The Euclidean Dirac operator is D := ^2 af~ e i an d differentiate functions 

defined in open subsets of W 1 with values in Cl n that are annihilated from the 
left (right) by the Dirac operator are called left (right) monogenic functions. The 
left and right fundamental solution to the Z?-operator is the Euclidean Cauchy 
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kernel G(x, y) — ^- \ ^_y\ n where w„ is the surface area of the unit sphere S n 1 
lying in 1™. The Dirac operator factorizes the Laplacian, viz D 2 = —A. For 
n > 2 the harmonic Green's kernel has the form H{x, y) — - (i_„) \ x _y \ n -2 ■ 

These kernels can be used to solve special boundary value problems. See for 
instance [UJ EJJ f° r more details. 

For all that follows it is crucial that the operators D and A are invariant up 
to a conformal weight factor under all Mobius transformations. 

In [JJ and elsewhere it is shown that any Mobius transformation ip(x) over 
R"U{oo} can be written in the form y = (ax + 6)(ca; + c?) _1 where the coefficients 
a, b, c, d are all products of vectors from W 1 , satisfying additionally ac, cd, db 
and bd G M™ , and ad — be = ± 1 . 

Let Ji(tp,x) = i^jjn and J 2 (ip,x) = |ca;+ ^„_^ . Here | ■ | represents the 
canonical extension of the Euclidean norm from W 1 to Cl„. If / is a left mono- 
genic (harmonic) function in the variable y = ip( x ) = ( ax + b)(cx + d) , then 
the function Jx(ip, x)f((ax + b)(cx + d)^ 1 ) or J-2,{ip, x)f((ax + b)(cx + d)^ 1 ) is 
again left monogenic (or harmonic) now with respect to the variable x. See 
[261 [27] and elsewhere. 



3 Spin and pin structures on conformally flat 
manifolds 

Conformally flat manifolds are in general n-dimensional manifolds that possess 
atlases whose transition functions are conformal maps in the sense of Gauss. 
For n > 3 the set of conformal maps coincide with the Mobius transformations 
introduced previously. In the case n = 2 the sense preserving conformal maps 
are exactly the holomorphic maps. So, under this viewpoint we can interpret 
conformally flat manifolds as higher dimensional generalizations of holomorphic 
Riemann surfaces. On the other hand, conformally fiat manifold are precisely 
those Riemannian manifolds which have a vanishing Weyl tensor. 

As mentioned for instance in the classical work by N. Kuiper [17] concrete 
examples of conformally flat orbifolds can be constructed by factoring out a 
simple connected domain X by a Kleinian group T that acts discontinuously 
on X . In the cases where T is torsion free, the topological quotient X/T, con- 
sisting of the orbits of a pre-defined group action T x X —> X, is endowed 
with a differentiable structure. We then deal with examples of conformally flat 
manifolds. 

A classical way of obtaining pin or spin structures for a given Riemannian 
manifold is to look for a lifting of the principle bundle associated to the orthog- 
onal group 0(n) or the special orthogonal group SO(n), to a principle bundle 
for the pin group Pin(n) or spin group Spin(n). The Spin(n) group is a sub- 
group of Pin(n) of index 2. Spin(n) consists exactly of those matrices from 
Pin(n) whose determinant equals +1. Now Spin(n) is a double cover of SO(n). 
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So there is a surjective homomorphism 8 : Spin(n) — > Spin(n) with kernel 
Z2 = {±1}. As explained in Appendix C of 28j this gives rise to a choice of 
two local liftings of the principle SO(n) bundle to a principle Spin(n) bundle. 
The number of different global liftings is given by the number of elements in the 
cohomology group H 1 (M, Z2). See [TB] and elsewhere for details. These choices 
of liftings give rise to different spinor bundles over M. Similarly, Pin(n) is a 
double cover of 0(n) and analogously different pin bundles are obtained. For 
simplicity let us now first focus on the spin structures, because pin structures 
can be described analogously. 

In the case of a conformally flat manifold the fact that the group Z2 plays 
a central role in determining different spinor bundles can be seen immediately 
by noting that any Mobius transformation y = ip(x) can be either written 
as (ax + b)(cx + d)^ 1 or as (—ax — b)(—cx — d) . So in fact the conformal 
invariance of monogenic resp. harmonic functions that we previously mentioned 
is only correct up to a sign. Thus, the left monogenic function f(y) is altered 
into ±Ji(-0, x)f(ip(x)). This has an effect on constructing spinor bundles over 
a conformally flat manifold. Suppose that M is a conformally flat manifold 
and p2t L \ 1 '■ U\ — > U2 is a transition function arising from the atlas of M. 
So U\ and U2 are domains in R™ and tp = ^MT 1 ^ s a Mobius transformation. 
Let us now consider the two trivial bundles Ui x Cl n and U2 x Cl n . Given 
u — ip(x) e U2 and X E Cl n the pair (u,X) 6 U2 X Cl n may be identified 
with either (x, Ji(ip,x)X) or (x, — Ji(i/j, x)X) in Ui x Cl n . If we can choose a 
suitable collection of signs on these local bundles which are globally compatible 
over M then we have constructed a spinor bundle E over M . In this case M 
is called a conformally fiat spin manifold. So in the same way that the choice 
of local liftings of principle SO(n) bundles to local principle Spin(n) bundles 
the Z2 dependence on the construction we have just given gives way to possible 
choices of spin bundles over conformally flat manifolds. 

Further it should be recalled, |2S], that Cl n is the direct sum of several 
isomorphic minimal left ideals. These are often called spinor spaces. So in our 
construction of spinor bundles one can replace the Clifford algebra with one of 
these spinor spaces. 

Following 20, 126) we may now talk about monogenic (harmonic) sections. 

Definition 3.1. Let M be a conformally flat spin manifold with spinor bundle 
E. Then a section f : M E is called a left monogenic (harmonic) section if 
locally f reduces to a left monogenic (harmonic) function. 

The associated Laplacian on such a spin manifold is also called the spinorial 
Laplacian. 

Not all conformally flat manifolds are spin manifolds. A typical counterex- 
ample is the real projective space MP" = S n /{±1}. 

When n is even, KP" is no longer orientable. However, RP ra does still admit 
pin structures in these cases and hence pin bundles similar to those described 
earlier in this section. 
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4 Conformally flat cylinders and tori 



In this subsection we recall one basic construction method for the Cauchy and 
Green's kernel on the oriented conformally flat n-torus and conformally flat 
fc-cylinders, which has been developed in [131 115) . 

To start, let us consider a general lattice 

Q n := liVi + • • • + Zii ra 

where the elements Vi (i = 1, ...,n) are supposed to be R-linearly independent 
vectors from K™. Next let us consider the group action 

n n x 1" -> E", vox^x + v, v en, x<E R". 

The invariance group of this lattice is the discrete translation group generated by 
the special Mobius transformations ip{x) — x + u,; for i = 1, n, so J\{ip, x) 

• 1 and J 2 ('!/', x) = 1. 

Since Q„ is a torsion free discrete Kleinian group, the topological quotient 
T n := R n /Q„ consisting of the orbits of the above defined group action actually 
is a conformally flat manifold in n real variables. It represents an n-dimensional 
torus. 

Of course any subgroup of a torsion free Kleinian group is again torsion 
free. Let fife be a fc-dimensional sublattice of 51„. So, in particular for all 
k = 1, ...,ri — 1 the quotient sets Cfe := R"/T2fe which arise by the same group 
action are conformally flat manifolds, too. While C n =: T n (the n-torus) is 
compact, the other manifolds Cfe with fc = 1, n— 1 are non-compact and have 
n — k unbounded directions. We call them fc-cylinders. The classical infinite 
cylinder is obtained by R 2 /Zei. It arises from the group action Z x M 2 — > R 2 
defined by m o (x, y) M> (x + m, y), where m 6 Z and (x, y) 6 R 2 . 

Next, following the preceding paper [15] . the decomposition of the lattice il^ 
into the direct sum of the sublattices fi; := Zvi H hZw; and Q n -i '■= Zw; + i + 

• • • + Z-yfe gives rise to 2 k distinct spinor bundles on Cfe — that we will denote 
by — by making the identification (x,X) o (x + m + n), 

with x G R", X € Cl n - Here, we use the notation m = m,\v\ + • • • + mivi 6 
and n := ni+\vi+\ + ■ ■ - + nkVk 6 fifc-i where mi, . . . , mu £ In all that follows 
we denote the trivial bundle by E^K Since the manifolds Cfe are orientable, we 
are dealing with examples of spin manifolds in this context here. 

Notice that the different spin structures on a spin manifold M are detected 
by the number of distinct homomorphisms from the fundamental group IIi(M) 
to the group Z 2 . In the case of the /c-cylinder Cfe we have that Ili(Cfc) = Z fc . 
There are two homomorphisms of Z to The first is 6\ : 7L — >• Z 2 : = 

mod 2 while the second is the homomorphism 6> 2 : Z — > Z 2 : 02 (fc) = 1 mod 2. 
Consequently, there are 2 k distinct spin structures on Cfe. Consequently the 
n-torus C n — T n has 2 n distinct spin structures. T n is also an example of 
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a Bieberbach manifold. Further details of spin structures on the n-torus and 
other Bieberbach manifolds can be found in 9, ;22l [24] . 

As we need the following construction in the next section, we briefly recall 
how we can construct monogenic and harmonic spinor sections, in particular 
the Cauchy and Green's kernel, on these manifolds. 

To proceed in this direction let us consider an open set U C R™ . A function 
f:U-> Cl n that satisfies f{x + m + n) = (-l) mi +~+ m ' f(x) for all v = m + n G 
Ql © rife-z then naturally descends to a section on the fc-dimensional cylinder 
Cfc(i>i, Ufc) := M. n /rik (including the n-torus when we put k = n) with values 
in the corresponding spinor bundle, say . To do that one forms /' := Pk(f), 
where pk ■ K" — > Ck, x n> x' := x mod Ck is the canonical projection from R" 
down to the manifold Ck(vi, Vk). 

For the sake of simplicity we shall write Ck instead of Ck{vi, Vk) when it 
is clear which basis vectors v\, Vk are considered. 

The application of the projection map pk to the Dirac operator D and to 
the Euclidean Laplacian A returns a first order differential operator D' and a 
second order differential operator A' on the spin manifold Ck- The induced 
operators are the cylindrical (toroidal) Dirac and Laplace operators. 

To construct the fundamental solution to these operators on these manifolds 
we basically sum the fundamental solution to the ordinary Euclidean Dirac or 
Laplace operator over the period lattice Qk, taking into account the minus sign 
in correspondence to the spinor bundle that we consider. 

Recalling from [15], for k < n — 2 the Cauchy kernel to the Dirac operator 
on Ck with values in the spinor bundle E"> can be expressed by 

G { l\x', v ')=p k j E E (-l) mi+ --- +mi G(x-y + m + n) 
This series is majorized by the Eisenstein type series 

E M 1 - 

which is absolutely convergent for k < n — 1. With a similar argument, for 
k < n ~ 3 one can express the Green's kernel to the Laplacian on Ck with values 
in E® by 

H^(x',y')=pJ E E (-V mi+ - +mi \x-y + m + n)\ 2 - 

As described in [T5] these sections indeed serve as the Cauchy or Green kernel 
in the corresponding Cauchy or Green's integral formula, respectively. They 
reproduce the values of interior points of monogenic (respectively harmonic) 
spinor sections in a domain in terms of the given boundary data. 
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As proved in (T2J [T5], in the case k = n — 1 the Cauchy kernel on C n -\ can 
be expressed by the projection of the following modified monogenic Eisenstein 
series 

G$_ 1 (x,y)=G(x-y)+ (— l) mi+- " +m ' \G(x-y+m+n)-G(m+n) 

(m,n)en i en„_i_ ( \{(o,o)} 

The additional term G(m + n) guarantees that the series converges normally 
on IR ra \f2fc. The same modification can be made for the harmonic kernel in the 
case k = n — 2 to achieve the convergence of the series. 

To round off we briefly recall from |15] how to construct a Cauchy kernel 
for the torus T n . As we know for instance from Chapter 2.3 of [12,, there does 
not exist a non-constant monogenic n-fold periodic function with only one point 
singularity of the order of the Cauchy kernel in one period cell. A non-constant 
n-fold periodic monogenic function must have either at least two point singular- 
ities of that order or a singularity of higher order in each period parallelepiped. 
Therefore, we only got a local Cauchy integral formula valid in sufficiently small 
domains. One can construct a non-constant and convergent monogenic n-fold 
periodic Eisenstein series whose projection then has two isolated point singu- 
larities at a' and b' of the order of the Cauchy kernel on the torus as follows. 
Take two points a ^ b mod Q n and consider 

G(x - a) + G(x - b) + [(-l) mi+ - +mi {G(x~a + m + n) 

(m,n)6f2 i en„_ i \{(0,0)} 

+G(— a — m — n) + G(x — b + m + n) + G(—b — m — n) 

Due to this special coupling of terms in the series we obtain the further degree 
of convergence. In domains D where either a ^ D or b ^ D and under some 
additional technical restrictions one can formulate a Cauchy integral formula in 
terms of such an Eisenstein series as kernel. For the particular technical details, 
we refer the reader to [15j . Similar modifications can be made for the harmonic 
case to deal with the cases k = n — 1 and k = n. 

In the following section we explain how we can adapt the construction 
method that we presented in this subsection in order to deal with some non- 
orientable counterparts of the manifolds considered here which can be con- 
structed from the same Kleinian groups by which we constructed these cylinders 
and tori. 



5 Two classes of non-orientable conformally flat 
manifolds 

In this section we present the main results of our paper. 
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5.1 The geometric context 

To start, we recall that the oriented cylinder C defined as the topological quo- 
tient R 2 /Z has several natural non-oriented counterparts. 

First of all there is the projective cylinder which arises from the usual 
infinite cylinder by identifying the "northern" hemisphere with the "south- 
ern" hemisphere. In this case one has an additional symmetry relation on 
the original topological cylinder. This relation is mathematically expressed by 
f(x, y) = f(x, —y) in addition to the usual periodic relation f(x+m, y) = f(x, y) 
(m G Z). Recall that the standard cylinder is constructed by gluing the two 
vertices of a two-dimensional strip of length 1 in a straight parallel way together 
without performing any twists. Here, one has besides the usual group action on 
the cc-component of the form Z x R 2 — > R 2 , mo (x, y) = (x + m, y) an additional 
group action Z2 x R — > R on the second component, mapping y and — y on the 
same value. 

Functions on the projective standard cylinders consequently have an addi- 
tional invariance under the action of the group {±1} = Z2 in the y-component. 

A second classical non-oriented counterpart of the classical infinite cylinder 
C is the Mobius strip. The Mobius strip has the property that a normal vector 
at a point (x, y) is transformed into the opposite directed normal vector when 
returning to the same point after one period. Here we consider the same group 
T = Z and the same set X = R", but one considers a different action of the 
form Z x R 2 — > R 2 where m o (x, y) = (x + m, (~l) m y) (m G Z). 

In order to construct sections on the Mobius strip one has to look at functions 
from the covering space R 2 that satisfy f(x + m,y) = f(x, (— l) m y) for meZ. 
Only after two periods the normal vector at a surface point of the Mobius strip 
again is transformed into itself in this geometry. Functions in R 2 that descend 
to the standard Mobius strip thus have period 2 in the x-component. 

Also the torus T 2 := R 2 /Z 2 has such non-orientable counterparts. Its most 
famous candidate is the Klein bottle. As in the torus case, one considers T = Z 2 
and X = R 2 . However, the action is defined as Z 2 x R 2 ->■ R 2 : (m, n) o (x, y) i->- 
(x+m, (—l) n y+n). A function on the Klein bottle thus descends from a function 
in R 2 that satisfies the transformation rule f(x+m, y + n) = f(x, (—l) n y) for all 
(m,n) G Z 2 . Here, we have a usual periodicity in the first component (like for 
the usual cylinder C). In contrast to the torus case we have a pseudo-periodicity 
with a minus sign switch depending on the parity of the second period in the 
second component. In contrast to the Mobius strip, the minus sign switch here 
occurs in one of the periodic arguments. 

Notice that both the Mobius strip and the Klein bottle can be obtained 
by gluing the same vertices of the fundamental domain of the associated one- 
dimensional (respectively two-dimensional) translation group together that is 
used in the construction of the cylinder or torus. However, one set of two 
opposite vertices of the fundamental domain is glued together with opposite 
orientation, causing a twist. This twist however destroys the orientability of the 
manifold. 
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In the n-dimensional setting we can construct similar non-oriented analogues 
of these manifolds from the oriented fc-cylindcrs defined in the previous section 
by Ck ~ E"/fifc where k G {1, n - 1}. Here and in all that follows, fi fc C E fc 
denotes a fc-dimcnsional lattice spanned entirely by k R-linearly independent 
reduced vectors w 1; ...uj_ k G E fe . 

Class A: Projective fc-cylinders 

Let x be a reduced vector from M. k . Suppose that lj :— miWj + • • • +r7ifcW /c is a 
vector from the lattice fife. Further let p be an integer from the set {k + 1, ...,n} 
in all that follows. 

By identifying the tupel 

(x + w,Xk+i, -,x p , ..,x n ,X) 

with 

we obtain an entire class of conformally flat manifolds denoted by Mk,p- These 
manifolds are non-orientable and hence not spin manifolds anymore. 

In the case not having any sign change at all, we again deal with the class 
of oriented conformally flat cylinders and tori which we briefly discussed in the 
previous section of this paper. 

We can say more. Analogously, to the case of a spin manifold we can set up 
several distinct pin bundles. One pin bundle which is different from the trivial 
one given above is obtained by identifying the pair 

(x + uj, Xk+i,..., x n ,X) with (x, -Xk+i, —, -x p , x p+1 , x n , -X). 

Other distinct choices arise by again splitting the period lattice fife into two 
sublattices fife = 0; ® fife-z where 1 < I < k. Writing an element u G fife in the 
form lo = m + n with m = Wiu^ + • • • + m,\u^ G fife and m = rni + iuj_ l+1 + • • • + 
mfeW fe G fifc-z gives rise to again consider the following identifications 

(x + u,Xk+i, ...,x n ,X) with (x, -Xk+i,—, -x p ,x p+1 ...,x n , (-l) mi+ '" +mi X). 

Class B: Higher dimensional Mobius strips and generalizations of 
the Klein bottle 

Similarly to the classical case in three dimensions we can introduce higher 
dimensional analogues of the Mobius strip as the topological quotient consisting 
of the orbits of the group action 

fife x E" -> E" 

where the action is defined by 

ujox := (x + w,Xk+i, ...,x n -i,sga(u)x n ). 
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1 if u G 20 fc 
-1 if u G f2 fc \2Sl fc 
To be more explicit this action describes manifolds of the form 



Here, for u = miWj + • • • + m k ui k we write sgn(cij) 



Ml = K'V ~ 
where ~ is now defined by the map 

(x + w, Xk+i,—, x n -i,x n ) i ^ (x, Xfc+i, i n -i> sgn(w)x n ). 

In the case n = 2, k = 1 we re-obtain the classical two-dimensional Mobius strip. 
Notice that - again due to the switch of the minus sign - the manifolds are 
not spin manifolds. As in the previous cases dealt in Class A we can of course 
again involve sign changes in several of the remaining directions k + 1, ...,n. 
Alternatively, we can re-define the expression sgn in such a way that sgn(u;) = 1 
if X)i=i m i and sgn(cj) = — 1 otherwise. 

When we involve minus signs in one or several components on which the 
periodicity lattice acts (that means on components j with j < k) we obtain 
natural higher dimensional generalizations of the Klein bottle. To leave it simple 
we shall consider a fc-dimensional normalized lattice of the form flk — Ofc-i+Zefc 
with n k -x C M fc " 1 and a minus sign switch in the last periodicity component 
k only, which only depends on the last period. Notice that any arbitrary fc- 
dimensional lattice from R fe can be transformed into a lattice of this form. This 
can be achieved by applying one elementary rotation and one dilation. 

These cases are described by group actions of the form 

fl k x R n -> E" 

where the action is defined by 

fc-i 

lo o x := (x + mjUii + {-l) mk m k e k ,x k+ i, ...,x n -i,x n ) 

i=l 

The quotient manifolds can then be described in terms of 

K k := R7 ~* 

where ^* is now defined by the map 
fe-i 

(g+y^ ^h+m k e k , x k+ x , ...,x„_i,x„) i-> {x x , ...,Xk-i, (-l) mh x k ,x k +i, ...,x n -i,x n ). 

i=l 

In the case where fc = n = 2 we re-obtain the classical Klein bottle. 

Notice that the manifolds /C^T can also be constructed by gluing finitely 
many conformally flat manifolds together. This is another argument for /C^~ 
being conformally flat, cf. |28) . 
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More generally, we may consider minus sign changes in several periodicity 
components. In addition to that we can consider minus sign switches both in 
some of the periodicity components j e {l,...,k} as well as in some of the 
remaining components. The associated manifolds then represent a complicated 
mixture of the geometries of the Mobius strip and of the Klein bottle. 

Notice that in all these different contexts one again can set up several distinct 
pin bundles (different from the trivial one constructed above) by making the 
different identifications with the minus signs as in the projective cases. Again, 
this can be done by considering different decompositions of the period lattice 
fifc. As the construction principle is clear after our explanations in the preceding 
subsection we leave a detailed description of the other pin bundles to the reader 
here. 

5.2 Construction of the Cauchy and Green's kernel, cor- 
responding integral formulae and applications 

Let us first treat the manifolds from Class A. 

For simplicity let us look in the following at the trivial pin bundle of the 
manifold Mk, P where we simply identify 

(x -|- cj , Xk-\-\ , . . . , Xp , i , . . . , x n , X ) 

with 

(x, Xfc-i-i, Xp, x n , A). 

Again we denote by Gk(x' , y') the monogenic Cauchy kernel for the Dirac oper- 
ator and by Hk(x',y') the harmonic Green's kernel for the Laplace operator on 
the infinite fc-cylinder Ck associated with the trivial bundle. To leave it simple 
we assume that in the monogenic case we have k < n. In the harmonic setting 
we assume that k < n — 1. 

Now we can express the Cauchy kernel of the Dirac operator and the Green's 
kernel of the Laplace operator on the manifold Mk, P by a finite superposition of 
the fundamental sections Gk or Hk , respectively, taking care of the additional 
minus signs in the coordinate directions k + 1, ...,p. More concretely, we may 
establish that 

Theorem 5.1. The Cauchy kernel of the Dirac operator on Mk, P associated to 
the trivial pin bundle can be expressed in the form 

G Mk , p (x",y") = P P i G k(xL-]/_' £ k+i( x 'k+i ~ Vk+i)'- 

\ e*+i,...,e p e{±l} 

s p (x p — y p ), (x p+1 — y p+ i), ■■■(x n — y n ))^j ■ 

Here, P p denotes the projection from the fully infinite cylinder Ck down to 
the projective cylinder Mk, P - In the cases of the other pin bundles mentioned 
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before, we need to add the corresponding minus sign in the sum in front of the 
multiperiodic expression Gk- 

To prove this statement we first recall that in the preceding works |T2l [13] it 
has already been shown that the subseries G k {x, y) are well-defined and normally 
convergent in R"\£lfe. Furthermore, they are invariant under the lattice transfor- 
mations Gk(x+Vi, y) — Gk{x, y+Vi) = G k (x, y) for all Vi G Cl k , and therefore for 
all v G Qk- The summation over all £ k +i, ...,s p G {±1} is a finite sum of expres- 
sions Gk (x, y) . Consequently, the total series again converges normally in M n \f2fc 
and is fife-invariant. Due to the extension of the summation over all possible sign 
combinations in the coordinates fc+1, ...,p the outcome then is also invariant un- 
der transformations of the form f(x-y, (x k+1 -y k+ i), (x p — y p ), (x n -y n )) 

f(x-y, -(x k+ x-y k+ x), -(x p -y p ), (xp+i-yp+i), (x n -y n )), too. There- 
fore, the projection P k ^ p '■= P p °Pk of the entire series descends to a well-defined 
left monogenic section on M ktP . On the manifold A4 k , P the kernel then has 
exactly one point singularity of the order of the usual Cauchy kernel. As a 
sum of left monogenic functions, it is again left monogenic except at this point 
singularity. As a consequence of the usual Cauchy theorem valid in the univer- 
sal covering space K™, cf. [4, which states that the oriented boundary integral 
over a left monogenic function vanishes identically, we can deduce a properly 
adapted version of Cauchy's integral formula on the manifold from which then 
follows that G_\4 k (x", y") actually is the Cauchy kernel. 

To get there, let us first consider a strongly Lipschitz hypersurface S that 
lies completely in that part of the standard fundamental period parallelepiped of 
the lattice fife, where all x k +i, — , x p > 0, i.e. inside of D :— {x G K" | < Xi < 
mi (i = 1, ...k) and Xj > (fc + 1 < j < p)}. Strongly Lipschitz means that 
locally the hypersurface is the graph of a Lipschitz function, and that globally 
the local Lipschitz constants are bounded. Suppose also that V is a domain 
lying in D and that S bounds a subdomain W of V such that W U S G V. 
Now take an element y G W. As a consequence of the usual Cauchy formula 
and Cauchy's theorem in K™, we obtain that if / : V — > Cl n a left monogenic 
function, then 

f( y } = /( 51 G(x-y + u 1 e k +i(x k+1 -y k+1 ),... 

-,£p(x P -y P ),{x p+ i -y p+ i),...,(x n -y n ))J x 
x n(x)f(x)da(x), 

where n(x) stands for the unit exterior normal vector to S at x and a denotes 
the usual Lebesgue measure on S. 

As S, V, W entirely lie in D, the projection map pk induces a Lipschitz 
surface S', a domain V' and a subdomain W of V that lie entirely on that part 
of the infinite cylinder Ck where additionally Xk+i, ...,x p > 0. So, the original 
sets V, W descend to well-defined domains V", W" and the surface S to a well- 
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defined strongly Lipschitz hypersurface S" on the projective cylinder Mk, P - As 
a consequence of the usual Cauchy's theorem from [4] we can now formulate 

Theorem 5.2. (Cauchy integral formula). 

Suppose that S" is strongly Lipschitz hyperface bounding a subdomain W" of a 
domain V" lying on the manifold A4k. P - Let f" : V" E 1 be a left monogenic 
section on Mk.p with values in the trivial pin bundle E 1 . Suppose that y" € W" . 
Then 

/"(?/')= / Gm Kp (%", y")dPk, P {n(x)) f" (x")da" (x"), 

S" 

where dPk lP stands for the derivative of the projection map Pk, P = P p op k . 

Remark 1. We can replace S" by a nullhomologous (n — 2) -dimensional cycle 
r" parameterizing an (n— 2) -dimensional surface of an n — \- dimensional simply 
connected domain inside of G" C Aik, P - In this more general setting Cauchy's 
integral formula then takes the form 

™r»{y")f"{y") = J G Mk Jx\y'')dP k , p (n(x))f'(x'')da''(x''), 

S" 

where wr>> (y") is the wrapping number counting how often the cycle T" wraps 
around the point y" . To derive the generalized homological Cauchy integral 
formula from the simple Cauchy integral formula one needs to apply the same 
arguments as used in the Euclidean case. This is described in detail in [10] . 
Chapter 12.3.4. 

In view of the well-known Almansi-Fischer decomposition theorem, cf. [J], 
we can now directly set up a Green's integral formula for harmonic sections on 
these manifolds. To proceed in this direction, we need to construct the Green's 
kernel for harmonic sections on M.k. P - We can obtain the Green's kernel on 
M.k. P as a finite sum of harmonic Green's kernels that we constructed for the 
fully infinite cylinders Ck- By similar arguments as given above the harmonic 
Green's kernel for harmonic sections on Mk, P with values in the trivial pin 
bundle E 1 can be expressed by 

H Mk Jx",y") = pj J2 Hk(xL-l,e k+ i(x' k+1 ~y' k+1 ), 

\ e fc + i,...,e p e{±l} 

£p(x p — y p ), (x p+1 — y p+ i), ■■■( x n ~ yn))\ 

where Hk{x' ,y') is the harmonic Green's kernel for harmonic sections on Ck 
with values in the trivial pin bundle. This tool in hand, we can establish, after 
having applied the Almansi-Fischer decomposition, the following 

Theorem 5.3. (Green's integral formula). 

Let k < n — 1. Suppose that V",W",S" and y" are as in Theorem 1 5. 2[ Now 
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let f" : V" — > E 1 be a harmonic section on Mk,p- Then 

f"{y") = J G Mk p (x" ,y")dP k , p (n(x))f" (x')do-" (x") 

S" 

+ J H Mk Jx'\y")dP k , p (n(x))D'y'\x")]da"(x") 

S" 

where D" denotes the Dirac operator on M.k,p induced by the projection Pk, P - 

Here, we see that the knowledge of the Cauchy kernel for the Dirac operator 
is indeed useful to study harmonic sections on these manifolds. In the cases 
k = n — l,k = n we can also set up a local version of the Green's integral 
formula, which however then involves a Cauchy kernel with more than one 
singularity on the whole manifold Aik.p, similarly to that on the n — 1-cylinders 
and n-tori discussed in [15l [14] . 

We proceed to give some further applications. 

Hardy space decompositions. Let q be a real parameter within the 
range (l,oo). Let us suppose that S is a strongly Lipschitz hypersurface that 
bounds a subdomain W of V such that W U S C V. Let us first additionally 
assume that V C D. In this case it is straightforward to deduce from our 
previous calculations for the fully infinite cylinders Ck, presented in [TB], that 
one obtains the usual Hardy space decomposition for L q (S") in the form 

L q {S") = H q (S" + ) © H q (S"-). 

Here S" + = P k , P {W), S"~ = M k , p \{P ktP {W) U S") and H q {S n± ) denotes the 
Hardy g-space of left monogenic sections defined on S"^ with non-tangential 
limits on S" with values in L q (S"). 

However, we shall now assume that the domain V is such that for each 

X . (xi , Xk: Xk+1 , - Xp 7 . .., Xji) G V 

the element 

X . (xi , . . . , Xk , , ■ • • , %p , %p-\-l , ■ • • , %n ) ^ ^ 

too. If we now assume that the hypersurface 5* is such that S — S where again 

S := {s | S S S}, 

then both y and y belong to V. This fact implies that after applying the 
projection Pk. p we obtain on the manifold Aik, P that 

J G Mh Jx",y")dP k , p (n(x))f(x")d*"(x") = 2f"(y"). 

S" 
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Returning to the covering space R n , let us now consider a function 77 : S — > Cl n 
which belongs to L q (S, Cl n ) with 1 < q < 00 satisfying 

f{x + W,X k +\,—,X n ) = f(x 1 ,...,x k ,x k+ i,...,x n ) Vwe fl k 

and 

f(x, -x k +i, ... - x Pl x p+ i, x„) = f(x, Xk+i, x n ). 

Let us consider a piecewise C 1 path y(t) £ V which approaches w <E S non- 
tangentially as / tends to 0. Then 

£$o/( E ^ G(x-y(t)+UL,e k+1 (x k+1 -y k+1 (t)),... 

s E H i,..,e p e{±i}we!) t 

■-,£p(xp - y P {t)), (x p+ i - y p+ i(t)), (x n - y n (*)))) x 
x n{x)rj{x)d(i{x) 

evaluates almost everywhere to 

^■q(w) + P.V. J ^2 ^2G(x-z + uj_,e k+ i(x k+1 -z k+1 ) 7 ... 

s ej, + i,...,e p e{±i}«enj, 

, £p (-£p ^p) 5 ) ; ■ • ■ 5 (^n ) )^ X 

x n(x)r/(x)d(j(x) 

When we turn to the projective cylinder A4 k , p we are now obliged to consider 
two paths y(t) and y(t) in the covering space MP. Consequently the limit 

lim J GM k , p (x" ,y(t)")dP kiP (n(x))rj" (x")dcr" (x") 
S" 

is equal to the value 

2P.V.J G MKp (x",z")dP kiP (n(x))r]"(x")da"(x") 
S" 

where z" := P k , p (z) as well as 77" := P ktP (r]). Here, we observe that the usual 
Hardy space decomposition as mentioned above does not always occur. It does 
occur, when S lies in a positivity domain of the type D. 

Remark 2. In [13] we also introduced convolution operators of Calderon-Zygmund 
type acting on L q spaces of special hyper surf aces on the fully infinite oriented 
cylinders C k . Furthermore, we introduced proper analogues of operators of LMS 
type and Poisson-, Szego-, Bergman- and Kerzman-Stein kernels. All these op- 
erators directly carry over to the context of the manifolds considered here, by 
adapting the kernel in the way that we presented here. 
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Applications to order theory. A further consequence of Cauchy's integral 
formula is the following version of an order formula for isolated zeroes of left 
monogenic sections on this class of manifolds. 

To proceed in this direction we first need to introduce the notion of the 
order of an isolated zero of a left monogenic section on the projective cylinder 
manifold M.k,p- Again, for simplicity, we restrict ourselves to treat the trivial 
pin bundle, since the others can be treated analogously by making the proper 
adaptation in the series representation of the Cauchy kernel. 

Let c £ D and suppose that e > is sufficiently small so that the open 
ball B(c,e) lies completely in D. Next denote by B"(c",e) the projection of 
that ball to the manifold Ai kiP , i-e. B"(c",e) := Pfc p (-B(c,e)). Now we may 
introduce 

Definition 5.4. Suppose that G" C M. ktP is an open set and that g" : G" — > 
is a left monogenic section on M. kiP with values in the trivial pin bundle 
E^ x \ Next assume that c" £ G" is an isolated zero on A4 k ,p so that there 
is a 5 > (with 5 < e) such that the closure of the projection of the ball 
B"(c",S) C G" and g"\-grr^ c „ s)\{c"} ^ 0. Then the integer 

ord( 5 ";c"):= / G Mk Jx", Q")dP k ^{n(x))da" {x") 

g"(dB"(c",8)) 

is called the order of g" at c" . 

Remark 3. This way to introduce the order of a zero is compatible with the 
classical notion of the topological mapping degree given in [2] for harmonic func- 
tions in K" . 

In order to show that ord (g"; c") really is an integer, we now need to apply 
the Cauchy integral formula that we now have established for the manifold 
M k , P - Let us put in Theorem O /" = 1 and replace y" by g"{c") and dS" by 
g"(dB"{c",8)). This leads to 

J G Mk Jx",g"(c"))dP kiP (n(x))da"(x") = w g , (aB „ (c , <5)) (g"(c")). 

g"(dB"(c",S)) =0 =0 

The value ord(<?",c") = u> s "(a.B"(c",<5))(0) represents the integer counting how 
often the image of B" under g" around the isolated zero wraps around zero. 

Similarly to the Euclidean case, one can replace the projection of the ball in 
Definition 15.41 again by a nullhomologous (n — 2)-dimensional cycle parameter- 
izing an (n — 2)-dimensional surface of an n — 1-dimensional simply connected 
domain inside of G" C M. k ,p which contains the isolated zero c" in its interior 
and no further zeroes neither in its interior nor on its boundary. 

Let us now assume that G" is a domain. Since g" : G" — > E^ is continuously 
differentiable (because of the left monogenicity) , we can then again apply the 
general transformation rule for differential forms, cf. for example [12] ). For the 
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oriented surface differential on the manifold M.k,p, abbreviated by dH"{x") :— 
dPk, P {n(x))da" (x") we obtain the following formula 

ds'vv)) = wn*")] * [<&'(*")]■ (i) 

Here, Jg" denotes the Jacobi matrix of g"(x") and {Jg")* its adjoint. The 
symbol * between the brackets indicates again the matrix-vector multiplication. 
This allows us to rewrite the expression of the order in the following form. 

Theorem 5.5. Let G" C Mk, P be a domain. Let g" : G" — > E 1 be a left 
monogenic section in G" and suppose that c" G G" is an isolated zero. Then, 
under the same conditions for B"(c",5) C G" as in Definition \5.4\ 

ord(.g";c")= f G Mk>p {x" ,0")(g" (x"))[(Jg")* (x")] * [d£"(x")]. (2) 

JdB"(c",8) 

Remark 4. By means of formula (0) one can then establish in a similar 
way as in the Euclidean case treated in Chapter 1.5 of |12) an explicit argu- 
ment principle as well as a Rouche's theorem adapted to the proper metric 
on A4k,p- In this context notice that whenever T" is an (n — 2) -dimensional 
cycle on M.k,p which has atmost a countable number of points z" at which 
det Jg"(x") — 0, then we may rewrite the expression [{J g"){x")] * [dT,(x")] 
in the form det Jg"(x")[{{Jg")- 1 Y {x")] * [cE"(x")]. 

Remark 5. In the extreme case where one puts k = in which we identify the 
pair (xi, x n , X) with {—x\, . . . , — x p , x p +±, x n , X) we are dealing with real 
projective manifolds without periodicity conditions. The latter shall be denoted 
by A4o, P . In this limit case we simply have to replace the function 

G k (x- y,e k +i{xk+i - Vk+x), — , £ P {x p -y p ),(x p+ i - j/p+i), [x n -y n )) 
by the function 

G(e 1 (x 1 - yi), ...,s p (x p - y p ), (x p+1 - y p+ i), (x n - y n )) 
and the Cauchy kernel to the Dirac operator on A4o,p *s simply given by 

^2 G(ei(x x -yi),...,e p (x p -y p ),(x p+1 - y p+1 ), ...,(x n - y n )). 

si,...,e p e{±l} 

Notice that this is a finite series only. Similarly, one constructs the correspond- 
ing harmonic kernel for the Laplacian. 

Now we turn to the manifolds of Class B. Here, we are confronted with 
essential differences. Differentiablc functions on the manifolds Ai^ arise from 
differentiable functions defined in 1" that satisfy 

f(x + oj, x k+ %, x n -x,x n ) = f(x, x k +i, a;«_i,sgn.(w)a: n ) 
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for all lo_ G fifc. However, if a non-constant function f(x\, ...,x n -i,x n ) is anni- 
hilated by the Euclidean Dirac operator D associated with the vector variable 
x = (x\, ...,x n ), then the function 

q{x\ , . . . , X n _ i , X n ) . — , . . . , X n — \ , X n ) 

is not anymore in the kernel of operator D where differentiation is meant with 
respect to the same variables x\,...,x n . As a consequence one directly obtains 

Theorem 5.6. The only left monogenic functions on the manifolds A4~j~ are 
constants. 

However, we can construct harmonic functions, or more generally, harmonic 
sections on these manifolds. Differentiating twice with respect to each variable 
x\,...,x n , it follows that if a function /(xi, x n ) is harmonic with respect 
to the variables x\,...,x n , then so is /(xi, — x n ) (with respect to the same 
variables x\, ...,x n ). 

To obtain the Green's kernel for harmonic sections on these manifolds, we 
can adapt the kernel formula that we obtained for the fc-cylinders, namely by 
inserting a minus sign in the n-th coordinate of the expressions appearing in 
the sum that are associated to those lattice points with sgn(o;) = —1. More 
precisely, for the trivial pin bundle we obtain 

Theorem 5.7. Let k < n — 2 and let be the manifold constructed above. 
Then the harmonic Green's kernel for the trivial pin bundle is given by 

H k( x '>y') = p-\ X! \(x-y+u) + (xk+i-yk+i)ek+i + ... + (xn-i-yn-i)e n -i 

\oj£S2 k 

+sgn(w)(x n - y n )e n \ 2 ~"^j 

where p_ again stands for the projection that maps a point x G M. n to x' = x 
mod ~ belonging to the manifold . In the case k = n — 2, the sum is 
substituted by the expression 

\x-y\ 2 ~ n + ^2 (|(x-y + cj) + (x fe+ i-y fc+ i)e fc+ i + ... + (x„_i-y„_i)e„_i 
wef2 fc \{o} 

+sgn(w)(x„- 2M ) e „| 2 - n -M 2 -"). 
To the proof one observes that in the cases k < n — 2 the scries 

/(x) := ^2 \(M + to) + x k+1 e k+1 + ... + a;„_ie„_i + sgn(w)x„e„| 2 ~™ 
Wen,, / 
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indeed satisfies 



f{x + T), ...,X n -i, 



%n) = f{x,...,x n ^i,8ga(r])x n ) 



for all 77 € flfc which follows by a direct rearrangement argument of the series. 
The same holds for k — n — 2, but the rearrangement argument is a bit more 
sophisticated. (See [12] where the oriented cylinder case is treated.) 

So, its projection defines a well-defined harmonic pin section on . On 
it has precisely one isolated point singularity of the order of the usual har- 
monic Green's kernel. The argumentation that this kernel actually reproduces 
the harmonic sections on M.7 can be done along the same lines of the argumen- 
tation that we gave for the manifolds of Class A in the preceding part of this 
subsection. The main ingredient again is the fact that the boundary integral 
over a function vanishes when it is harmonic in all its interior points. 

To round off, we finally turn to the manifolds K,^ that generalize the Klein 
bottle to higher dimensions. As in the case of the higher dimensional Mobius 
strips there are no non-constant left monogenic sections on /C^T for the same 
reason. Again, we can construct a harmonic Green's kernel on 1CZ . To do so 
we modify the kernel formula for the ^-cylinders, in the way that we now insert 
a minus sign in the fc-th coordinate of the expressions appearing in the sum. 
More precisely, 

Theorem 5.8. Let k < n — 2. Then the harmonic Green's kernel of harmonic 
sections on K.^ with values in the trivial pin bundle can be expressed by 



where p* again stands for the projection that maps a point x s K" to x' = x 
mod ~* which belongs to the manifold KZ . 

The remaining cases k > n — 2 can again be treated by re-grouping the 
terms of the series in a way coupling certain groups of periods together, which 
provides further degrees of convergence. This can be done in the same way as 
we did for the fc-cylinders and the n-torus in [14] . 
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